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Abstract: The topologically twisted index for ABJM theory with gauge group U(N)k ×
U(N)−k has recently been shown, in the large-N limit, to reproduce the Bekenstein-Hawking
entropy of certain magnetically charged asymptotically AdS4 black holes. We numerically
study the index beyond the large-N limit and provide evidence that it contains a subleading
logarithmic term of the form −1/2 logN . On the holographic side, this term naturally arises
from a one-loop computation. However, we find that the contribution coming from the near
horizon states does not reproduce the field theory answer. We give some possible reasons for
this apparent discrepancy.
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1 Introduction
It is often said that black holes are the hydrogen atom of quantum gravity since they are
systems where aspects of quantum gravity are indispensable for their understanding. If this
analogy is to be pursued then studying corrections to the Bekenstein-Hawking entropy should
be equivalent to going beyond the Bohr energy levels. History teaches us that the leading
term can be obtained without a full understanding of the degrees of freedom but that the
corrections require a detailed control of various aspects of the system. In this work, we take
some steps into the subleading corrections to the microstate counting of the entropy of a class
of magnetically charged asymptotically AdS4 black holes.
Indeed, Strominger and Vafa have demonstrated that string theory provides a framework
for the microstate counting of the Bekenstein-Hawking entropy of a class of asymptotically
flat black holes [1]. Moreover, Sen and collaborators have carried a successful program of
understanding logarithmic corrections to various black holes [2–5].
In the context of the AdS/CFT correspondence [6], a microscopic counting of the Bekenstein-
Hawking entropy of a class of black holes has recently been presented by Benini, Hristov and
Zaffaroni [7, 8]. Understanding black hole entropy in this context is particularly powerful be-
cause it does provide a practical path to a fully non-perturbative definition of quantum gravity
in asymptotically AdS spacetimes. The basic premise of [7] is that the topologically twisted
index of ABJM, namely the supersymmetric partition function on S1 × S2 with background
magnetic flux on S2 [9], counts the ground state degeneracy of a superconformal quantum
mechanics on S1, and that this counting enumerates the microstates of the dual magnetically
charged BPS black hole in AdS.
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It was in fact demonstrated in [7] that the topologically twisted index reproduces the
AdS black hole entropy at leading order in the large-N expansion. Here, we wish to extend
this correspondence to subleading order by examining the logarithmic corrections on both
the field theory and gravity sides of the duality.
In section 2 we start by reviewing the field theory computation of the topologically twisted
index and present numerical evidence pointing to a universal −1/2 logN correction. We then
turn to the gravity calculation in section 3, which first reviews the prescription and special
status of logarithmic corrections at the one-loop level. We then discuss the dual calculation
in the context of 11-dimensional supergravity, focusing on the contribution coming from the
near horizon limit of the magnetically charged BPS black hole solutions. We also discuss the
absence of potential contributions coming from the asymptotically AdS4 region. In contrast
with the index result, we find −2 logN from the quantum gravity computation, and suggest
possible reasons for this discrepancy in section 4.
2 The topologically twisted index beyond the large-N limit
The topologically twisted index for three dimensional N = 2 field theories was defined in
[9] (see other related work [10–14]) by evaluating the supersymmetric partition function on
S1×S2 with a topological twist on S2. When applied to the microstate counting of magnetic
AdS4 black holes, the index is computed for ABJM theory, and the topological twist arises
from the magnetic fluxes on S2 [7, 8]. Since these black holes are constructed in the STU
model truncation of four-dimensional SO(8) gauged supergravity, there are a total of four
U(1) gauge fields, with corresponding charges na satisfying the supersymmetry constraint∑
na = 2.
The topologically twisted index for ABMJ theory was worked out in [7], and reduces to
the evaluation of the partition function
Z(ya, na) =
4∏
a=1
y
− 1
2
N2na
a
∑
I∈BAE
1
detB
∏N
i=1 x
N
i x˜
N
i
∏
i 6=j
(
1− xixj
)(
1− x˜ix˜j
)
∏N
i,j=1
∏
a=1,2(x˜j − yaxi)1−na
∏
a=3,4(xi − yax˜j)1−na
,
(2.1)
where ya are the corresponding fugacities. The summation is over all solutions I of the “Bethe
Ansatz Equations” (BAE) eiBi = eiB˜i = 1 modulo permutations, where
eiBi = xki
N∏
j=1
(1− y3 x˜jxi )(1− y4
x˜j
xi
)
(1− y−11 x˜jxi )(1− y
−1
2
x˜j
xi
)
,
eiB˜j = x˜kj
N∏
i=1
(1− y3 x˜jxi )(1− y4
x˜j
xi
)
(1− y−11 x˜jxi )(1− y
−1
2
x˜j
xi
)
. (2.2)
Here k is the Chern-Simons level, and the two sets of variables {xi} and {x˜j} arise from the
U(N)k ×U(N)−k structure of ABJM theory. Finally, the 2N × 2N matrix B is the Jacobian
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relating the {xi, x˜j} variables to the {eiBi , eiB˜j} variables
B =
xl ∂eiBj∂xl x˜l ∂eiBj∂x˜l
xl
∂eiB˜j
∂xl
x˜l
∂eiB˜j
∂x˜l
 . (2.3)
See [7] for additional details.
It is convenient to introduce the chemical potentials ∆a according to ya = e
i∆a and
furthermore perform a change of variables xi = e
iui , x˜j = e
iu˜j . In this case, the BAE become
0 = kui − i
N∑
j=1
∑
a=3,4
log
(
1− ei(u˜j−ui+∆a)
)
−
∑
a=1,2
log
(
1− ei(u˜j−ui−∆a)
)− 2pini,
0 = ku˜j − i
N∑
i=1
∑
a=3,4
log
(
1− ei(u˜j−ui+∆a)
)
−
∑
a=1,2
log
(
1− ei(u˜j−ui−∆a)
)− 2pin˜j . (2.4)
The topologically twisted index is evaluated by first solving these equations for {ui, u˜j}, and
then inserting the resulting solution into the partition function (2.1). This procedure was
carried out in [7] in the large-N limit with k = 1 by introducing the parametrization
ui = iN
1/2 ti + pi − 12δv(ti), u˜i = iN1/2 ti + pi + 12δv(ti), (2.5)
where we have further made use of reflection symmetry about pi along the real axis. In
the large-N limit, the eigenvalue distribution becomes continuous, and the set {ti} may be
described by an eigenvalue density ρ(t).
2.1 Evaluation of the index beyond the leading order in N
The leading order solution for ρ(t) and δv(t) was worked out in [7], and the resulting partition
function exhibits the expected N3/2 scaling of ABJM theory
Re logZ0 = −N
3/2
3
√
2∆1∆2∆3∆4
∑
a
na
∆a
. (2.6)
A similar result was extended to the context of asymptotically AdS4 black holes with hyper-
bolic horizon in [15]. We are, of course, interested in taking this solution beyond the leading
order. In the ABJM context, we expect the subleading behavior of the index to have the form
Re logZ = Re logZ0 +N
1/2f1(∆a, na) + logNf2(∆a, na) + f3(∆a, na) +O(N−1/2), (2.7)
where the functions f1, f2 and f3 are linear in the magnetic fluxes na. In principle, we would
like to systematically extend the analysis beyond the leading order in order to obtain the
analytic form of these functions. However, this appears to be a challenge, mainly due to the
presence of the (left and right) tails of the eigenvalue distribution. (These tails correspond to
the nearly vertical segments in figure 1.) We thus proceed with a numerical investigation.
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Figure 1. The solution to the BAE for ∆a = {0.4, 0.5, 0.7, 2pi − 1.6} and N = 60. The solid lines
correspond to the leading order expression obtained in [7].
The main setup is to arrive at a numerical solution to the BAE (2.4) through multidi-
mensional root finding using the leading order distribution as the starting point. We have
implemented this in Mathematica using FindRoot. The solution is first obtained either with
MachinePrecision or with WorkingPrecision set to 30, and further refined using WorkingPre-
cision set to 200 and default settings for AccuracyGoal and PrecisionGoal. Convergence to a
stable solution can be a bit delicate, since the BAE is highly sensitive to the tails; if even a
single eigenvalue is sufficiently displaced, then it is easy for FindRoot to fail. In most cases,
we have been able to obtain numerical solutions up to N ≈ 200, although larger values of N
are possible with some refinement of the initial distribution. As an example, the numerical
solution for the ui and u˜i eigenvalues for∆a = {0.4, 0.5, 0.7, 2pi− 1.6} and N = 60 is shown in
figure 1. The corresponding eigenvalue density ρ(t) and function δv(t) are shown in figure 2.
Once the eigenvalues are obtained, it is then simply a matter of numerically evaluating
the index (2.1) on the solution to the BAE. The main challenge here is the evaluation of detB,
as the Jacobian matrix is ill-conditioned. (This is why we work to high numerical precision
when solving the BAE.) For a given set of chemical potentials ∆a, we compute logZ for a
range of N . We then subtract out the leading behavior (2.6) and decompose the residuals
into a sum of four independent terms
Re logZ = Re logZ0 +A+B1n1 +B2n2 +B3n3, (2.8)
where we have used the condition
∑
a na = 2. At this stage, we then perform a linear
least-squares fit of A and Ba to the function
f(N) = f1N
1/2 + f2 logN + f3 + f4N
−1/2 + f5N−1 + f6N−3/2. (2.9)
We are, of course, mainly interested in f2. However, since N ranges from about 50 to 200,
it is important to consider the first few inverse powers of N as well. (We have confirmed
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Figure 2. The eigenvalue density ρ(t) and the function δv(t) for ∆a = {0.4, 0.5, 0.7, 2pi − 1.6} and
N = 60, compared with the leading order expression.
∆1 ∆2 ∆3 f1 f2 f3
pi/2 pi/2 pi/2 3.0545 −0.4999 −3.0466
pi/4 pi/2 pi/4 4.2215− 0.0491n1 −0.4996 + 0.0000n1 −4.1710− 0.2943n1
−0.1473n2 − 0.0491n3 +0.0000n2 + 0.0000n3 +0.0645n2 − 0.2943n3
0.3 0.4 0.5 7.9855− 0.2597n1 −0.4994− 0.0061n1 −9.8404− 0.9312n1
−0.5833n2 − 0.6411n3 −0.0020n2 − 0.0007n3 −0.0293n2 + 0.3739n3
0.4 0.5 0.7 6.6696− 0.1904n1 −0.4986− 0.0016n1 −7.5313− 0.6893n1
−0.4166n2 − 0.4915n3 −0.0008n2 − 0.0001n3 −0.1581n2 + 0.2767n3
Table 1. Numerical fit for Re logZ = Re logZ0 + f1N
1/2 + f2 logN + f3 + · · · . The values of N used
in the fit range from 50 to Nmax where Nmax = 290, 150, 190, 120 for the four cases, respectively. We
made use of the fact that the index is independent of the magnetic fluxes when performing the fit for
the special case (∆a = {pi/2, pi/2, pi/2, pi/2}).
numerically that the first subdominant term enters at O(N1/2), and that in particular terms
of O(N) are absent.)
The results of the numerical fit are presented in Table 1. Our main result is that the
numerical evidence points to the coefficient of the logN term being exactly −1/2. We thus
have
Re logZ = −N
3/2
3
√
2∆1∆2∆3∆4
∑
a
na
∆a
+N1/2f1(∆a, na)− 1
2
logN+f3(∆a, na)+O(N−1/2),
(2.10)
where f1 and f3 remain to be determined. One may wonder whether their dependence
on the magnetic fluxes, na, follows the same leading order behavior, namely
∑
a na/∆a.
Unfortunately, examination of the table shows that this is not the case.
Although we have been unable to discern the general behavior of f1, for the special case
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we find the approximate expression
f1 = 3.0545 ≈ 11pi
8
√
2
=
pi√
2
(
1
24
+
1
3
+ 1
)
. (2.11)
We have in fact extended the special case to k > 1. For k ∼ O(1), the eigenvalue distribution
retains the same features, but with appropriate scaling by k. Working specifically up to k = 5
and with N up to 200, we find good evidence that in this case the partition function takes
the form
Re logZ(∆a = pi/2) = −pi
√
2k
3
N3/2 +
pi√
2k
(
k2
24
+
1
3
+ 1
)
N1/2 − 1
2
logN + · · · , (2.12)
which may be compared with the ABJM free energy on S3
FABJM = −pi
√
2k
3
N3/2 +
pi√
2k
(
k2
24
+
1
3
)
N1/2 − 1
4
logN + · · · . (2.13)
While the leading O(N3/2) term is identical, the first subleading term in the topologically
twisted index picks up an additional contribution. In addition, the coefficients of the log
terms differ, and this suggests that the two expressions are capturing distinct features of the
holographic dual. Some similarities between the free energy and the topologically twisted
index were first pointed out in [12]. More generally, relations between partitions functions
on S3 and S2 × S1 with a topological twist have recently been discussed in [16]. It would be
interesting to place our concrete, subleading in N , results within that more formal approach.
2.2 Perilous 1/N expansion
While the numerical evidence for −1/2 logN appears compelling, ideally this ought to be
backed up by an analytical expansion in the large-N limit. Such an expansion would naturally
shed light on the f1 coefficient as well. However, as mentioned above, the tails make it difficult
to maintain a systematic treatment of the 1/N expansion. In particular, the tails occur when
the eigenvalues {ui, u˜j} satisfy
u˜i − ui ≈ ±∆a ⇒ δv(ti) ≈ ±∆a. (2.14)
In this case, the logs in the BAE, (2.4), for j near i are evaluated near zero. The resulting
large logs cause apparently subleading terms to become important, and hence mixes up orders
in the superficial 1/N expansion, as already noted in [7].
The leading order partition function may be obtained by properly accounting for the large
logs, and we suspect that a careful treatment would allow the computation to be extended to
higher orders. However, this remains a technical challenge, as can be seen from the following
illustration. In the large-N limit, it is natural to focus on the eigenvalue density ρ(t) and
the function δv(t). In the formal large-N expansion, both functions are considered to be
O(1), which is consistent with the plots in figure 2. However, their leading-order slopes are
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discontinuous where the left and right tails meet the inner interval. This gives rise to a
δ-function divergence when working with their second derivatives. While the divergence is
unimportant at leading order, it presents difficulties at higher order.
Of course, as can be seen in figure 2, the actual solution does not have discontinuous
slope. As an estimate, we first note that the range where ρ(t) changes slope is of O(1/√N).
As a result, ρ′′(t) ∼ O(√N) near the transition points, and a similar estimate can be made
for δv(t). While this avoids the δ-function divergences, it nevertheless mixes up orders in the
formal large-N expansion. Furthermore, it is not just the second derivative, but all higher
derivatives as well that become important, even when considering just the first subleading
correction to the index.
3 One-loop quantum supergravity
Based on our numerical evidence, we conjecture that the topologically twisted index has a
universal logarithmic correction given by −1/2 logN , in contrast with the ABJM free energy
that has the factor −1/4 logN . In the latter case, the field theory result was reproduced
by a one-loop supergravity computation in [17]. In particular, the standard AdS4/CFT3
correspondence relates ABJM theory on S3 to M-theory on global AdS4 × S7/Zk [18]. The
logarithmic term then originates purely from a ghost two-form zero mode contribution on
AdS4.
In the present case, however, we take ABJM theory on S2 × S1 with a topological twist
generated by background magnetic flux. This topological twist relevantly deforms the ABJM
theory to flow toward a superconformal quantum mechanics on S1. Holographically, such an
RG flow can be thought of as a Euclidean asymptotically AdS4 BPS magnetic black hole,
interpolating between the asymptotically AdS4 region and an AdS2× S2 near horizon region.
The solution can be embedded into 11-dimensional supergravity [19], and such an embedding
makes it also natural to consider the quantum correction from an 11-dimensional point of
view.
We are thus interested in computing the one-loop correction to the supersymmetric
partition function in the BPS black hole background that interpolates between asymptotic
AdS4 × S7 and AdS2 ×M9 near the horizon, where M9 is a S7 bundle over S2. As a simpli-
fication, however, we assume a decoupling limit exists, so that we can focus mainly on the
AdS2×M9 near horizon geometry. Alternatively, corrections to the black hole entropy may be
considered via the quantum entropy function in the near horizon geometry proposed in [20].
For extremal black hole with no electric charge, the quantum entropy function reduces to the
partition function of 11-dimensional supergravity compactified in the near horizon geometry,
and we are again led to AdS2 ×M9.
In the computation of one-loop corrections to the partition function, we focus on the
logarithmic term, as such a term, in odd dimensional spaces, arises purely from zero modes
(see [21] and [17] for a review). The effect of zero modes on the logarithmic term can be
naturally divided into two parts: the subtraction of zero modes from the trace of the heat
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kernel to make the heat kernel well defined, and the integration over zero modes in the path
integral. Those two parts can be summarized schematically, for a given kinetic operator D of
a physical field, as
∆FD = (−1)D(βD − 1)n0D logL, (3.1)
where βD encodes the integration over zero modes in the path integral, and −1 is due to the
subtraction in the heat kernel. We use (−1)D to distinguish bosonic/fermionic contributions.
The treatment for ghosts is slightly different, and they are considered separately as in [17].
In summary, the total logarithmic correction is given by
∆F =
∑
{D}
(−1)D(βD − 1)n0D logL+ ∆FGhost, (3.2)
where the summation is over physical fields.
For completeness, we shall first summarize the fields that have non-trivial zero modes
n0D in AdS2 and their βD, although they are quite standard and well known in the literature
(see for example, the appendix of [5]). We then compute the logarithmic correction from
the physical sector and the ghost sector of 11-dimensional supergravity in the near horizon
geometry AdS2 ×M9.
3.1 The number and scalings of zero modes
The spectrum of a kinetic operator on a non-compact space, such as AdS2, typically consists of
two parts: a continuous part due to the non-compactness of the space, and possibly a discrete
part that contains a countably infinite number of eigenfunctions with zero eigenvalue. The
continuous part of the trace of the heat kernel in the case of AdSN is well defined, whereas
the zero modes from the discrete part, if any, should be subtracted from the heat kernel. The
formal sum that counts the number of zero modes in the compact case is divergent when the
space is non-compact,
n0 =
∑
j
∫ √
gd2x|φj(x)|2, (3.3)
where φj(x)’s are normalized to 1. Thus computing n0 requires regularization. For symmetric
spaces G/H, n0 can be evaluated by working out explicit eigenfunctions, exchanging the sum
and integral, and using a regularized volume as in [5, 17].
Here, we present another way of computing n0 using the general theorem in [22]. The
number of zero modes can be associated with the formal degree of the discrete series repre-
sentation of G corresponding to the given field, which occurs when G has a maximal torus
that is compact. For AdSN = SO(N, 1)/SO(N), they occur when N is even, and they
can be labeled in terms of the highest weight label (σ, n0), where σ = (nN−2
2
, nN−4
2
, . . . , n1),
with nN−2
2
> nN−4
2
> · · · > n1 > |n0|. Any vector bundle over AdSN can be labeled
by an irreducible representation of SO(N) (or Spin(N)) in terms of highest weight labels
τ = (hN
2
, hN−2
2
, . . . , h1), and in order to determine the number of zero modes for a given field,
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one looks for the branching condition
1
2
< |n0| ≤ |h1| ≤ n1 ≤ · · · ≤ nN−2
2
≤ hN
2
. (3.4)
The number of zero modes is the sum of all degrees P (σ, n0) of discrete series representations
(σ, n0) that satisfies the branching condition, up to a normalization factor that only depends
on the dimension:
nτ0 =
Vol(AdSN )
cN
∑
(σ,n0)
P (σ, n0). (3.5)
For AdS2, P (n0) = n0− 12 and cN = 2pi, and a field is labeled by a single highest weight label
which is its spin. (General expressions for cN and P (σ, n0) can be found in section 6 of [22].)
The branching condition, (3.4), implies that fields with spin greater than 12 have zero modes,
i.e. one-form, gravitino, and graviton fields. Moreover, using (3.5), one has
n0g = 2×
(−2pi)
2pi
(
2− 1
2
)
= −3,
n0ψ = 2×
(−2pi)
2pi
(
3
2
− 1
2
)
= −2,
n0A = 2×
(−2pi)
2pi
(
1− 1
2
)
= −1, (3.6)
where n0g, n
0
ψ, n
0
A are respectively the number of zero modes of a graviton, a gravitino and a
one form. We also used the fact that the regularized volume of AdS2 is −2pi. These values,
of course, coincide with the direct evaluation performed in [5].
The logarithmic part of the integration over zero modes in the path integral can be
obtained by dimensional analysis. Given a kinetic operator O, the path integral over zero
modes is given by∫
Df |zero modes exp
(
−
∫
ddx
√
gfOf
)
=
∫
Df |zero modes ∼ LβOn0O , (3.7)
through which we define βO for an operator O. To obtain the logarithmic correction, it is
enough to find the L dependence of (3.7), which amounts to finding the L dependence in the
path integral measure. In the case of Euclidean AdS2N , all such zero modes arise due to a
non-normalizable gauge parameter λ, where f = Gλ with G representing the infinitesimal
gauge transformation. For example, let gµν = L
2g
(0)
µν . The path integral measure of a p-form
in d dimensions is normalized as∫
DA[p] exp
(
−Ld−2p
∫
ddx
√
g(0)g(0)µ1ν1g(0)µ2ν2 . . . g(0)µpνpAµ1...µpAν1...νp
)
= 1. (3.8)
Therefore, the correctly normalized measure is
D(L
d−2p
2 dλ[p−1]), (3.9)
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where λ[p−1] is a non-normalizable (p− 1)-form gauge parameter, and has no L dependence.
Such a measure gives L(d−2p)/2 per zero mode, and therefore contributes as L(d−2p)n
0
p/2 in
the path integral. Thus βA[p] = (d − 2p)/2 in d dimensions. One can carry out similar
computations for other fields, paying particular attention to the possible L dependence of the
gauge parameter, as in [5] and [2]. One then finds
βg =
D
2
, βψµ = D − 1, βA[p] =
d− 2p
2
. (3.10)
3.2 The logarithmic corrections
The 11-dimensional N = 1 gravitational multiplet consists of (gµν , ψµ, Cµνρ). The fluctuation
of the metric to the lowest order can be summarized as
hµν(x, y) =

hαβ(x)φ(y),
hαi =
∑
aA
a
α(x)K
a
i (y),
φ(x)hij(y),
(3.11)
where we use (xα, yi) to denote AdS2 and M9 coordinates, respectively, and K
ai(y)∂i is a
killing vector of M9. The graviton zero modes therefore contribute in two ways: a graviton
in AdS2, and gauge fields corresponding to Killing vectors of M9.
From the near horizon geometry in [7] one can read off the metric on M9
ds29 = ∆
2
3ds2S2 +
4
∆
1
3
4∑
i=1
1
Xi
(
dµ2i + µ
2
i (dψi +
ni
2
cos θdφ)2
)
, (3.12)
where we denote the coordinates on S2 by (θ, φ), Xi’s are constant with
∏
Xi = 1, ∆ =∑4
i=1Xiµ
2
i , and
∑4
i=1 µ
2
i = 1. The metric, (3.12), suggests the following seven Killing vectors:{
cosφ∂θ − cot θ sinφ∂φ +
∑
j
nj
2
sinφ
sin θ
∂ψj , − sinφ∂θ − cot θ cosφ∂φ +
∑
j
nj
2
cosφ
sin θ
∂ψj , ∂φ
}
,{
∂ψi
}
, (3.13)
where i = 1, 2, 3, 4, and the Killing vectors span the algebra of the isometry group SU(2) ×
U(1)4. Thus the logarithmic correction due to the 11-dimensional graviton is given by
∆Fh = (βh− 1)(n0g + 7n0A) logL =
(
11
2
− 1
)
[(−3)× 1 + (−1)× 7] logL = −45 logL. (3.14)
A gravitino ψµ can either be an AdS2 gravitino and a spin-1/2 fermion on M9, or vice
versa. Ideally one would find the number of killing spinors of M9. Nevertheless, it is more
convenient to reduce to four-dimensions first. In this case, the N = 2 gravitational multiplet
contains two gravitinos, which further decompose to two gravitinos on AdS2. As the number
of gravitinos only concerns the number of supersymmetries that are preserved, it should be
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the same no matter whether one works directly in 11 dimensions, or through a reduction to
four dimensions. Thus, the contribution due to the gravitino is given by
∆Fψ = −
∑
(βψ − 1)n0ψ logL = −(10− 1)[(−2)× 2] logL = 36 logL, (3.15)
where the minus sign is assigned as it is Grassmann odd.
The fluctuation of a 11 dimensional 3 form can be summarized as
C3(x, y) =

B3(y),
A1(x) ∧B2(y),
A2(x) ∧B1(y),
(3.16)
where the subscript represents the rank of the form, A(x) represents a form on AdS2 and B(y)
a form on M9. Note for M9 the Betti numbers b1 = 0 and b2 = 1. Therefore the contribution
from the 3-form, from the first line in (3.16), is
∆FC = (βC − 1)n0C logL =
(
5
2
− 1
)
[(−1)× 1] logL = −3
2
logL. (3.17)
We now turn to the treatment for ghosts, which requires special care. We therefore
compute them separately, and we only concern ourselves with ghosts that give rise to AdS2
zero modes. Therefore only the ghosts for the graviton, which gives a vector ghost cµ, and
the ghosts for the 3-form are considered. The BRST quantization of supergravity generally
provides a kinetic term c∗µ(−gµν − Rµν)cν with other off diagonal terms that are lower
triangular, which do not change the eigenvalues of the kinetic operator on cν . In our case,
Rµν is never zero, and therefore the graviton ghosts are not relevant to the logarithmic
correction.
The general action for quantizing a p-form Ap requires a set of (p − j + 1)-form ghost
fields, with j = 2, 3, . . . , p + 1, and the ghost is Grassmann even if j is odd and Grassmann
odd if j is even [23, 24]. Although for the (p− j+ 1)-form, the Laplacian operator (∆p−j+1)j
in the computation of the heat kernel requires an extra j − 1 removal of the zero modes, the
integration over the zero modes is unchanged. That results, as in Eq. (3.4) of [17], is
∆FGhost =
∑
j
(−1)j(βAp−j − j − 1)n0Ap−j logL. (3.18)
Note for our case that b1 of M9 is zero. Therefore the only non-vanishing term is p = 3, j = 2,
which gives
∆FGhost = −3
2
logL. (3.19)
Finally, adding the contributions (3.14), (3.15), (3.17) and (3.19) leads to the total loga-
rithmic correction
∆F =
(
−45 + 36− 3
2
− 3
2
)
logL = −12 logL ∼ −2 logN, (3.20)
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where in the last equality we used the AdS/CFT dictionary N ∼ L6, and neglected L inde-
pendent terms. We note that this result does not match with the logarithmic term of the
topologically twisted index, (2.10), which instead has coefficient −1/2.
We finish this section by addressing a very natural question. In our computation we
have focused exclusively on the near horizon geometry. Given that the black holes we are
discussing are asymptotically AdS4, are there contributions that come precisely from the
asymptotic region? After all, the computation of [17] obtained logarithmic corrections on
the gravity side by studying quantum supergravity on AdS4 × S7 and found that the entire
contribution comes from a two-form zero mode in AdS4. The result of [17] perfectly matches
field theory results corresponding to the free energy of ABJM on S3. Our case, however,
pertains to a computation of ABJM on S2×S1. In an elucidating discussion about boundary
modes presented in [25], the authors considered global aspects of AdS4 with S
3 and S2 × S1
boundary conditions. In particular, they established that the Euler number depends on these
boundary conditions and is, respectively, χ = 1 and χ = 0. This result indicates the existence
of a two-form zero mode in the case of S3 boundary conditions which is precisely the two-form
responsible for the successful match with the field theory free energy. It also indicates the
absence of the corresponding two-form zero mode for S2×S1 boundary conditions. Moreover,
the crucial use of S3 boundary conditions in the explicit construction of the non-trivial two
forms [22, 26, 27], also supports our claim.
Therefore, at least to this level of scrutiny, there is no contribution coming from the
asymptotically AdS4 region. It will, of course, be interesting to develop a systematic ap-
proach to dealing with asymptotically AdS contributions in the framework of holographic
renormalization.
4 Discussion
Given the disagreement in the computations, we shall discuss some of our underlying assump-
tions. On the field theory side, the topologically twisted index reproduces the Bekenstein-
Hawking entropy of AdS black holes at leading order in the large-N expansion [7, 15]. It
is thus tempting to expect that the index provides an complete microstate description at
all orders. To explore this possibility, we have performed a numerical investigation of the
topologically twisted index and obtained a logarithmic correction of −1/2 logN . It is this
term that we have attempted to reproduce by computing a one-loop partition function on the
supergravity side of the duality.
While AdS/CFT suggests that the corresponding one-loop partition function ought to be
computed in the full magnetic AdS4 black hole background, we made a decoupling approxi-
mation and focused instead on the AdS2×S2 near horizon region. Given the 11-dimensional
supergravity origin, only zero modes contribute to the logarithmic term, and we find instead
the term −2 logN from the bulk computation. Of course, this treatment of separate near
horizon and asymptotic regions is somewhat ad hoc, and it is entirely possible that agreement
would be restored if we instead worked in the full geometry. Although one may expect the de-
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grees of freedom responsible for the entropy to be close to the horizon, it would be important
to perform a more careful investigation to see whether or not this is truly the case.
Of course, this all assumes that the asymptotically AdS4 black hole partition function is
the correct object to match with the topologically twisted index. An alternative framework is
to compare with the quantum entropy function [20, 28]. However, this approach is technically
similar and gives the same result of −2 logN . In this case, the disagreement suggests that the
quantum entropy formalism needs to be modified for the case of asymptotically AdS black
holes.
Another point that deserves discussion is the role of extremization of the index in order to
match with the entropy on the gravity side [7]. Our field theory computation was performed
for arbitrary magnetic charges and potentials. Extremization, at leading order, relates the
potentials, ∆a, to the magnetic charges na. We believe that the logN coefficient does not
change at the level that we discuss because the leading order relation from extremization is
independent of N .
More generally, the field theory index is clearly grand canonical while the gravity side
is microcanonical. One can think of the extremization procedure of [7] as performing a Leg-
endre transform where the main contribution comes from electrically neutral configurations.
Although it is plausible that under certain conditions a partition function equals the entropy,
the equivalence of the topologically twisted index with the entropy of magnetically charged
black holes deserves a more systematic discussion within the framework of holographic renor-
malization.
Let us now discuss a number of other directions that would be nice to explore. One
natural question is motivated by the universality of the result of [17]. Indeed, a large class of
field theory partition functions on S3 has a −1/4 logN correction for matter Chern-Simons
theories of various types [29, 30]. On the gravity side of the correspondence, the universality
of this result relies on the logarithmic term being given strictly by a two-form zero mode in
AdS4; it is thus independent of the Sasaki-Einstein X7 manifold where the supergravity is
defined [17]. Despite the current disagreement, it would be interesting to entertain a similar
universality argument for the correction we find here, namely −1/2 logN . Although we do not
fully understand the gravity side, it is clear that the answer we provide relies on very general
properties of M9 such as the number of Killing vectors and the second Betti number. The
underlying question behind this direction rests on the various hints [12, 16] for connections
between the partition function on S3 and the topologically twisted index in S2 × S1 that we
have now investigated beyond the large-N limit.
Although we have proposed an ad hoc treatment for the asymptotically AdS4 region, the
more general question of how to systematically apply the principles of holographic renormal-
ization for the computation of logarithmic corrections to black hole entropy remains open. A
better understanding, perhaps including generalizations of the quantum entropy function, is
clearly needed to tackle the plethora of solutions that are intrinsically four-dimensional, and
in particular, more general solutions of N = 2 gauged supergravity.
A more challenging question is: Can one obtain the full logarithmic correction to the
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entropy, and not just the logN coefficient? One possibility is to tackle the theory directly in
four dimensions. In this case the heat kernel, being in an even dimensional space, contributes
in a more complicated way. A similar technical problem appears in the ’t Hooft limit where
the gravity dual theory lives on AdS4 × CP3. It is worth pointing out an added difficulty in
the case of the magnetically charged black holes we are considering. For asymptotically flat
black holes, a typical practice is to consider particular N -correlated scalings of the charges;
this allows for the computation of corrections in various regimes. However, generic scalings
of the charges are not allowed in our case because the charges are constrained, for example,
by
∑
ni = 2. Alternatively, one could attempt a full supergravity localization following the
work [31] and the more recent effort in [32].
Of course, it is worth noting that the first subleading correction to the topologically
twisted index occurs at O(N1/2). In principle, it would be useful to obtain an analytic
expression for this correction, which we denoted f1(∆a, na) in (2.7). On the gravity side, this
term presumably originates from higher-derivative corrections to the Wald entropy. While
we have been as yet unable to find the analytic form of f1, it may be possible to do so with
additional numerical work.
Finally, it would be interesting to discuss other asymptotically AdS gravity configurations
forming AdS/CFT dual pairs. For example, we may consider black strings in AdS5 that are
dual to topologically twisted four-dimensional field theories [33]. The topologically twisted
index for the dual four-dimensional field theories on S2× T 2 has been constructed in [10, 34]
and its high temperature limit has recently been discussed in [35]. It seems also possible, with
the new insight provided recently in [36], to return to the question of microstate counting for
the asymptotically AdS5 black holes more generally.
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